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Introduction

Motivation

m To create efficient, easy to use parallel library of BEM-based solvers
m applicable to solution of industrial problems mainly at T4l
m serving as a tool for research and study at Dept. of Applied
Mathematics
m publicly available 777
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Introduction

Why BEM?

Reduces problem to the boundary of the computational domain
Suitable for unbounded (exterior) problems

No need for volume mesh

Direct BEM provides a direct computation of complete Cauchy data
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Introduction

Existing libraries

m Problems with existing libraries (BEM++, BETL, ...)
m Matrix sparsification by ACA, usually no FMM
m Usually only shared memory parallelism
m No vectorization
m Some are proprietary and not publicly available
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BEM4I

Based on C++

Templated, modular design

Focused on efficiency of sequential code

Uses interfaces to BLAS & LAPACK

Fast Multipole Method for matrix sparsification

Representation formula for computing solution in arbitrary point

Currently supports the Laplace and Helmholtz equations in 3D
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Problems with BEM

m BEM produces fully populated matrices with O(n?) entries
m Requires O(n?) operations for assembling

m 1,000 elements mesh: 7.6 MB
m 10,000 elements mesh: 762 MB
= 100,000 elements mesh: 76 GB
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Strategies in BEMA4|

m Vectorization of the computationally most demanding parts
m Shared memory parallelization by OpenMP
= Matrix sparsification by the fast multipole method

m MPI parallelization (planned for the future)
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Model problem

Dirichlet BVP for the Helmholtz equation
—Au—k?>u=0 in £,
Yu=g ondn.

The single-layer operator BIE to compute v'u € H~1/2(d12)
1
(Vylu)(x) = ifyou(a:) + (K7%u)(x) for x € 0N

with the boundary integral operators

(VAlu)(@) = / ol )l for @ € D0,
o2

(K7 u)(x) = ﬁ(a:, Y)Y u(y) dsy for x € 002
00N 3ny
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Model problem

Galerkln discretization
N

th Vibs, Yo Zsj<( I+K)¢3,¢e> forall ¢ e {1,...,E}.
o

=1 7j=1

Representation formula

ov ou
u(x) = — w(y)=—(x,y) ds +/ —(y)v(x,y)ds, forzx e 0.
@ == [ uwgn(@y)ds,+ [ Swy)ds,
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Implementation details Vectorization

Vectorization of matrix assembly

m Parallelization inside one core using
SIMD concept — 1

m Since 90s basically all modern 32bit51 A I I e

processors provide some SIMD -

instruction set (3DNow!, MMX, SSE,
AVX, ..)

m Several possibilities 128bits | [—— + [— = —

m assembly language

m intrinsic functions

m automatic loop vectorization — 1
m high level libraries (VML in MKL, Vc)
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Implementation details Vectorization

Vectorization of matrix assembly

m Vc
m Developed at University of Frankfurt
m Library for explicit vectorization
m Provides high-level wrappers on AVX, SSE2 - SSE4.2 instruction sets
m Support for Intel Xeon Phi (MIC) is coming up
m Used e.g. for processing data from ALICE experiment at LHC
m http://code.compeng.uni-frankfurt.de/projects/vc/

m In BEMA4I: vectorization of the Gaussian quadrature and the
representation formula
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Implementation details Vectorization

Vectorization of matrix assembly

m Outer cycles iterate over couples of elements

for( int i = 0; i < number_of_elems; i++ ){
for( int j = 0; j < number_of_elems; j++ ){
elem_matrix = getElemMatrix( i, j );
V.addToPositions( i, j, elem_matrix );
¥
s

m Gaussian quadrature performed in getElemMatrix() can be
vectorized by Vc

int number_of_quad_points = 8;

double f = 0;

for( i = 0; i < number_of_quad_points; i++ ){
f += function( quad_points[ i ] ) * w[ i 1;

¥

4

int number_of_vectors = 2;
Vc::vector f_vector = { 0, 0, 0, 0 };
for( i = 0; i < number_of_vectors; i++ ){

f_vector += vector_function( quad_points_vector[ i ] ) * w_vector[ i 1;
¥
f

= f_vector.sum();
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Implementation details OpenMP parallelization

OpenMP parallelization

m OpenMP in BEM4I

m Shared memory parallelization of system matrix assembly
Thread1
Thread 2
Thread3

Thread4

m For better scalability the local contributions are buffered and written
at once
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Matrix sparsification by the FMM

m The fast multipole method [Rokhlin, Greengard, Of] reduces
complexity of matrix assembly from O(n?) to O(nlog(n))

m Mesh is decomposed into clusters
m Admissible cluster pairs are approximated by spherical harmonics

m Nonadmissible clusters pairs are assembled in usual way (as full
matrices)
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Numerical experiments

Numerical experiments

m ANSELM node specification

m two Intel Sandy Bridge E5-2665, 8-core, 2.4GHz processors per node
m 64 GB of memory (512 GB on fat nodes)

m BLAS Intel MKL

m SSE SIMD instructions
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Numerical experiments

Convergence

= Convergence for the Laplace equation

elements  relative Lo error eoc K
elements relative Lo error  eoc

320 4.91e-1
320 2.47e-1
1,280 2.19e-1 2.2
1,280 5.01e-2 4.9
5,120 1.03e-1 21
5,120 1.11e-2 4.5
20,480 5.08e-2 2.0 20480 2 64e.3 49
81,920 2.52e-2 2.0 !

Table : Dirichlet problem Table : Neumann problem
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Numerical experiments

Dense matrix assembly scalability - Laplace

m Mesh: unit ball with 8,430 elements

GCC Laplace Assembly
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Figure : Assembly times using GNU compiler
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Numerical experiments

Dense matrix assembly scalability - Laplace

m Mesh: unit ball with 8,430 elements

Intel Laplace Assembly
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Figure : Assembly times using Intel compiler
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Numerical experiments

Dense matrix assembly scalability - Laplace

m Mesh: unit ball with 8,430 elements

Intel Laplace Speedup

GCC Laplace Speedup
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Figure : Speedup with GNU compiler Figure : Speedup with Intel compiler
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FMM scalability

= Scalability of FMM matrices assembly
m Mesh: bull, approx. 170,000 elements

GCC Laplace FMM Assembly
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Numerical experiments

FMM scalability

= Scalability of FMM matrices assembly
m Mesh: bull, approx. 170,000 elements

Intel Laplace FMM Assembly
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FMM scalability

m After assembly of FMM matrices, the resulting system is solved iteratively by CG
m Every matrix-vector multiplication consists of two parts:

m application of non-admissible (full) blocks
m binary tree traversal and approximation of admissible blocks

m Using OpenMP 3.0 tasks it is possible to parallelize a recursive process

GCC/Intel Laplace FMM CG GCC/Intel Laplace FMM CG Speedup
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Number of OMP threads Number of OMP threads

Figure : Time per CG iteration Figure : Speedup

Michal Merta, Jan Zapletal (IT4l) BEM4I 23 /31



Numerical experiments

Convergence

m Convergence for the Helmholtz equation

elements  relative Lo error  eoc elements  relative Lo error  eoc
80 7.12e-1 80 5.10e-1
320 3.10e-1 2.3 320 1.11e-2 4.5
1,280 1.43e-1 2.2 1.280 2.40e-2 47
5,120 7.00e-2 2.1 5,120 5.53e-3 4.3
20,480 3.47e-2 2.0 20,480 1.13e-3 4.1
Table : Dirichlet problem Table : Neumann problem
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Numerical experiments

Dense matrix assembly scalability - Helmholtz

m Mesh: unit ball with 8,430 elements

GCC Helmhaoltz Assembly
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Figure : Assembly times using GNU compiler
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Numerical experiments

Dense matrix assembly scalability - Helmholtz

m Mesh: unit ball with approx. 8,000 elements

Intel Helmholtz Assembly

500 uV =K WD
4000
3500
3000
=
g
g 2500 2304
= 2173
=
g 2000
2
5 152 1585
1500 125
960
1000 796
590
s 4TH 531 480
280 231 295 40
UL
0 [ ] -l — =l —_— am
scalar Ve [double) Vi (float) 20MP 20MP 8OMP 16 OMP 160MP +Vc 16 OMP + Vo

(diouble) (ficat)
Number of OMP threads and vectorization type

Figure : Assembly times using Intel compiler
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Numerical experiments

Scalability of the representation formula - Laplace

m After obtaining complete Cauchy data we can evaluate the solution in an arbitrary point
using the representation formula

m The representation formula is parallelized and vectorized

m Mesh: unit ball with 8,430 elements, evaluated in &~ 66,000 points

Evaluation time [sec]
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Figure : Evaluation of the representation formula
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Numerical experiments

Representation formula for the Helmholtz equation

m Sound scattering problem with time
harmonic waves

m Mesh: cup with 11,330 elements
m Evaluated in 66000 points in 145 sec
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Numerical experiments
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Conclusion

Conclusion

m We presented BEM code with scalability enhanced using explicit
vectorization

OpenMP for shared memory parallelization

parallel FMM for matrix sparsification

Future plans
m MPI parallelization for shared memory systems
implementation for Intel Xeon Phi (MIC)

u
m elasticity

m time domain BEM (with A. Veit)
m shape optimization

Special thanks to D. Lukas, G. Of, and O. Steinbach
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Conclusion

[ %
Figure : Sound scattered from the BU&

Thank you for your attention!
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