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LObstacle problem in 1D

Deformation of string

We deal with a concrete state problem motivated by boundary value problem: Find a
function u e C'[0,1]N C?(0, 1) such that

-u"=f in (0,1) (1)
u(0) = u(1) =0, (2)
where f € C(0,1). Equation (1) describe, for instance, the elastic deformation of a
string.
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If a condition u € K is given, where K is an admissible set of state solutions, we have to
solve a minimization problem for an energy functional. In this case, we obtain an
obstacle problem for deformation of a string.
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LObstaclt-; problem in 1D

Formulation of obstacle problem in 1D

Problem (Minimization problem)

Find u € K satisfying
J(u) = inf J(v), 3)
Ve

where the energy functional reads
J(v) := 1 /1(v')2dx— /1 fvdx (4)
2 Jo 0
and the admisible set is defined as
K:={veVy: v(x)2ep(x) Vxe(0,1)},

where f € L?(0,1), ¢ is a negative function and V; denotes the standard Sobolev
space H} (0, 1).
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LObstacle problem in 1D

Numerical solution for f = -5, ¢ =-1.
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LObstacle problem in 1D

Numerical solution for f = -6,¢ = -1.

0 T T T T
lower obstacle
solution u from Uzawa |
02F 4
0.4 R
06} 4
08 i
El
. . L . . . . L .




Matematické modelovani ulohy s piekazkou a jeji numerické reseni

LObstacle problem in 1D

Numerical solution for f = -7, ¢ =-1.
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LObstacle problem in 1D

Numerical solution for f = -8, ¢ =-1.
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LObstacle problem in 1D

Numerical solution for f =-9,¢ = -1.
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LObstacle problem in 1D

Numerical solution for f = -10,¢ = -1.
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LObstacle problem in 1D

Numerical solution for f = -11,¢ = -1.
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LObstacle problem in 1D

Numerical solution for f = -12,¢ = -1.
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L Benchmark with known analytical solution

Analytical solution - inactive obstacle

Assumption: f < 0, ¢ < 0 are constant functions!
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Analytical solution - inactive obstacle

Assumption: f < 0, ¢ < 0 are constant functions!
If
8¢l > |f],

i.e. the obstacle is inactive, then,
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L Benchmark with known analytical solution

Analytical solution - inactive obstacle

Assumption: f < 0, ¢ < 0 are constant functions!
If
8¢l > |f],

i.e. the obstacle is inactive, then, the analytical solution u of obstacle problem reads

ux) = L)
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L Benchmark with known analytical solution

Analytical solution - inactive obstacle

Assumption: f < 0, ¢ < 0 are constant functions!
If

8l¢| > [f],

i.e. the obstacle is inactive, then, the analytical solution u of obstacle problem reads
u(x) = - x2)
T2
and the corresponding energy is

f2
J(u) = ——.
W=-
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L Benchmark with known analytical solution

Analytical solution - active obstacle

8lo| < If],

i.e. an obstacle is active,
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L Benchmark with known analytical solution

Analytical solution - active obstacle

8lo| < If],
i.e. an obstacle is active, then, the analytical solution u of obstacle problem reads
fy2 : 2¢
—5X° —\/2¢fx if xe [O, 7]

u(x)=1{ ¢ if xe[\/§71_\/2—7¢]

=121y it xe[1- /B ]
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L Benchmark with known analytical solution

Analytical solution - active obstacle

8lo| < If],
i.e. an obstacle is active, then, the analytical solution u of obstacle problem reads
fy2 : 2¢
—5X° —\/2¢fx if xe [O, 7]

u(x)=1{ ¢ if xe[\/§71_\/2—7¢]

=121y it xe[1- /B ]

and the corresponding energy is

J(u)—f¢(;\/2f¢—1).
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L Benchmark with known analytical solution

The graph of the solution with active obstacle

yA
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LNumerical solution of the obstacle problem

Perturbed problem and its properties

Problem (Perturbed problem)

For given
pelh={peH'0,1): n>0ael},

find u,, € Vy such that
Ju(up) = inf Ju(v),
velj

where perturbed functional J,, is defined as J,,(v) := J(V) — (u, vV — ¢) .
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LNumerical solution of the obstacle problem

Perturbed problem and its properties

Problem (Perturbed problem)

For given
pelh={peH'0,1): n>0ael},

find u,, € Vy such that
Ju(up) = inf Ju(v),
velj

where perturbed functional J,, is defined as J,,(v) := J(V) — (u, vV — ¢) .

Basic properties:

IN

Ju(uy) J(u) forall ueA,
d(uy) = J(u) forcertain X €A,
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LNumerical solution of the obstacle problem

Perturbed problem and its properties

Problem (Perturbed problem)

For given
pelh={peH'0,1): n>0ael},

find u,, € Vy such that
Ju(up) = inf Ju(v),
velj

where perturbed functional J,, is defined as J,,(v) := J(V) — (u, vV — ¢) .

Basic properties:

IN

Ju(uy) J(u) forall ueA,
d(uy) = J(u) forcertain X €A,

where . .
(A v) ::[0 u’v’dx—f0 fvdx forall ve V.



Matematické modelovani ulohy s piekazkou a jeji numerické reseni

LNumerical solution of the obstacle problem

Iterative solution of the saddle-point system

The pair (A, u) is apparently a saddle point of the perturbed functional satisfying

|nf sup Ju (v) = sup |nf Ju(v)

veWy el el VeV
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LNumerical solution of the obstacle problem

Iterative solution of the saddle-point system

The pair (A, u) is apparently a saddle point of the perturbed functional satisfying

|nf sup Ju (v) = sup |nf Ju(v)

veWy el el VeV

Uzawa algorithm

o Set g =0

© Loopoverk=1,2,...:

e Find vy from the quadratic minimization problem J,, , (vx) — min
Q Set 1k = (pk-1 - p(Vic = )+

© End of loop over k

Parameter p is important for convergence and follows from theory!
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LNumerical solution of the obstacle problem

Application of the finite element method

The minimization in step 3 of the Uzawas Algorithm: Find v, from the quadratic
minimization problem
Jyy_y (Vk) = min
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LNumerical solution of the obstacle problem

Application of the finite element method

The minimization in step 3 of the Uzawas Algorithm: Find v, from the quadratic
minimization problem

Jyy_y (Vk) = min

is equivalent to the following variational equation: Find v € Ha(O, 1) such that

1 1
/o v,iw’dx:f0 (f+p)wdx  forall we Hj(0,1).
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LNumerical solution of the obstacle problem

Application of the finite element method

The minimization in step 3 of the Uzawas Algorithm: Find v, from the quadratic
minimization problem

Jyy_y (Vk) = min

is equivalent to the following variational equation: Find vy € Ha(O, 1) such that

1 1
/o v,iw’dx:f0 (f+p)wdx  forall we Hj(0,1).

By using the uniforms partition of the interval (0,1) and corresponding linear nodal

basis functions v, ..., ,_1, we can represent v, by the linear combination
—1
Vi = Z,"Lg Yjvj.
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LNumerical solution of the obstacle problem

Application of the finite element method

The minimization in step 3 of the Uzawas Algorithm: Find v, from the quadratic
minimization problem

Jyy_y (Vk) = min

is equivalent to the following variational equation: Find vy € Ha(O, 1) such that

1 1
/o v,iw’dx:f0 (f+p)wdx  forall we Hj(0,1).

By using the uniforms partition of the interval (0,1) and corresponding linear nodal
basis functions v, ..., ,_1, we can represent v, by the linear combination

Vg = ZI’.’;; Yjibj- Then, the vector of unknown coefficients y = (yz, ..., ¥n—1) can be
obtained by solving of a linear system of equations.

Ay=>b

with a symmetric and positive definite matrix.
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 1
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 2
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 3
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 4
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 5
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 10
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 20
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 100
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LNumerical solution of the obstacle problem

Example of Uzawa algorithm: iteration 200
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L2D computations in Matlab

2D Numerical solution for

64 elements, 81 nodes, 144 edges
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L2D computations in Matlab

2D Numerical solution for f = -1, ¢ = -1

256 elements, 289 nodes, 544 edges
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L2D computations in Matlab

2D Numerical solution for f = -1, ¢ = -1

1024 elements, 1089 nodes, 2112 edges
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L2D computations in Matlab

2D Numerical solution for f = -1, ¢ = -1

4096 elements, 4225 nodes, 8320 edges
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L2D computations in Matlab

2D Numerical solution for f = -1, ¢ = -1

16384 elements, 16641 nodes, 33024 edges
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L2D computations in Matlab

2D Numerical solution for f = -1, ¢ = -1

65536 elements, 66049 nodes, 131584 edges
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L2D computations in Matlab

2D Numerical solution for f

65536 elements, 66049 nodes, 131584 edges
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L2D computations in Matlab

2D Numerical solution for

65536 elements, 66049 nodes, 131584 edges
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L2D computations in Matlab

2D Numerical solution for f=-1.4,¢6 = -1

65536 elements, 66049 nodes, 131584 edges
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L2D computations in Matlab

2D Numerical solution for

?

65536 elements, 66049 nodes, 131584 edges
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L2D computations in Matlab

Thanksgiving
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